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a b s t r a c t
For R a commutative Noetherian ring, wide and Serre subcategories of finitely generated
R-modules have been classified by their support. This paper studies general torsion
classes and introduces narrow subcategories. These are closed under fewer operations
than wide and Serre subcategories, but still for finitely generated R-modules both narrow
subcategories and torsion classes are classified using the same support data. Although for
finitely generated R-modules all four kinds of subcategories coincide, they do not coincide
in the larger category of all R-modules.
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1. Introduction
Recall that a wide subcategory of an abelian category is a full subcategory that is abelian and closed under extensions,
and a Serre subcategory is a wide subcategory closed under subobjects. Classifications of thick and localizing subcategories
of triangulated categories were first done in a topological setting [5], and analogous results were later proved in algebraic
situations ([4,9,12] and many others). Corresponding classifications of wide and Serre subcategories of R-modules under
various conditions [6,11,8] were sometimes proven by applying the results for triangulated categories, however in later
papers more direct approaches were used. Some kind of support always plays a central role. In particular when R is
commutative Noetherian, Takahashi [11] showed that in the category of finitely generated R-modules both Serre and wide
subcategories are in bijective correspondence with specialization closed subsets of SpecR.
This paper studies two other kinds of subcategories, torsion classes, introduced in [2], and narrow subcategories.
Narrow subcategories are the full subcategories closed under extensions and cokernels while torsion classes are the full
subcategories closed under extensions and images. Thus they are closed under fewer operations than wide subcategories
and Serre subcategories. Using support we show that in finitely generated modules over a commutative Noetherian ring
R these two kind of subcategories are also in bijective correspondence with specialization closed subsets of SpecR. This
implies for the category of finitely generated R-modules, all four kinds of subcategories coincide. Thus there are still the
same classifications as previously known, but with weaker hypotheses. On the other hand we give examples in Section 2
showing that these four kinds of subcategories are not necessarily the same in the category of R-modules without finiteness
conditions.
1.1. Statement of results
For all of this paper Rwill be a commutative Noetherian ring. We use modR to denote the category of finitely generated
R-modules. See Section 3 for more notation.
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Definition. Let C ⊂ modR be any full subcategory, and S ⊂ SpecR any subset. Define,
Supp(C) =

M∈C
SuppM.
Clearly Supp(C) is a specialization closed subset of Spec(R), in other words some union of Zariski closed subsets. So we
consider Supp as a map of sets
Supp : {Full subcategories of modR} → {Specialization closed subsets of Spec(R)}.
A map in the other direction,
Supp−1 : {Specialization closed subsets of Spec(R)} → {Full subcategories of modR},
is given by the formula
Supp−1S = {M ∈ modR |SuppM ⊂ S}.
We say a subcategory C of an abelian categoryA is closed under images if for any morphism f : A → B inA in which A
is in C, the image imf is also in C.
Definition. Suppose A is an abelian category. A torsion class of A is a full subcategory of A closed under extensions and
images. A narrow subcategory C of A is a full subcategory closed under extensions and cokernels. A wide subcategory C
of A is a full abelian subcategory closed under extensions. In other words a wide subcategory is a full subcategory closed
under kernels, cokernels and extensions. A Serre subcategory C of A is a full abelian subcategory closed under extensions
and subobjects.
Remark. Krause [8] uses the term thick instead of wide.
The main result is that when restricted to any of these four subcategories Supp is a bijection with inverse Supp−1.
Theorem 1 (Theorem 4). Suppose that T is one of the following sets:
1. T = The set of Serre subcategories ofmodR.
2. T = The set of torsion classes inmodR.
3. T = The set of narrow subcategories ofmodR.
Then Supp : T → {Specialization closed subsets of Spec(R)} is a bijection of sets with inverse Supp−1.
This theorem quickly implies that in modR all four of these categories are the same.
Theorem 2 (Corollary 7.1). Let C be a subcategory of R-modules. Then the following statements are equivalent:
 C is a torsion class of finitely generated R-modules.
 C is a narrow subcategory of finitely generated R-modules.
 C is a wide subcategory of finitely generated R-modules.
 C is a Serre subcategory of finitely generated R-modules.
As mentioned before, this contrasts with the situation where we drop the finitely generated module hypothesis:
Proposition 2.2 shows that these four notions are different in the category of R-modules.
2. Relationships between the subcategories
Proposition 2.1. Let C be a full subcategory of an abelian category A. If C is a Serre subcategory then it is a wide subcategory
and a torsion class. IfC is a wide subcategory then it is a narrow subcategory. IfC is a torsion class then it is a narrow subcategory.
Proof. This follows immediately from the definitions. 
The following diagram shows the relationships.
torsion
narrow Serre
wide
✟✟✙ ❍❍❨
✟✟✙❍❍❨
On the other hand the reverse inclusions do not hold in general.
Proposition 2.2. (1) The full subcategory of torsion free divisible abelian groups is a wide subcategory of abelian groups but not
a Serre subcategory.
(2) The full subcategory of injective abelian groups is a torsion class but is neither a wide subcategory nor a Serre subcategory of
the category of abelian groups.
(3) The full subcategory of torsion free divisible abelian groups is a wide subcategory of abelian groups but not a torsion class.
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Proof. SinceZ-modules are just abelian groups, we will use both terms interchangeably. (1) First observe that the forgetful
functor from Q-vector spaces to Z-modules is fully faithful into its image, which is the full subcategory of torsion free
divisible abelian groups. So we will consider instead the category of Q-vector spaces. Since Z ⊂ Q, we see that Q-vector
spaces is not a Serre subcategory of Z-modules.
Now we show that it is a wide subcategory. Suppose V andW are Q-vector spaces. If f : V → W is a map of Z-modules
then it is automatically amap ofQ-vector spaces. Also the kernel and cokernel of f are the samewhether taken asZ-modules
or as Q-vector spaces. So we see Q-vector spaces is a full abelian subcategory of Z-modules.
Still supposing that V andW are Q-vector spaces, if we have an extension of Z-modules
0→ V → U → W → 0
then U ∼= V⊕W since V is injective. Thus U is aQ-vector space andwe see thatQ-vector spaces are closed under extension.
So we have proved that Q-vector spaces form a wide subcategory.
(2) We know thatQ andQ/Z are injective Z-modules and 0→ Z→ Q→ Q/Z→ 0 is a short exact sequence. Since Z
is not injective, but the kernel of a map between injectives, the injective modules form neither a wide subcategory of ModZ,
nor a Serre subcategory.
Note that for abelian groups, being injective is the same as being divisible (see [7, Theorem 7.1]). Let G and H be divisible
groups. Then any short exact sequence 0 → G → M → H → 0 splits because G is injective, hence we haveM ∼= G⊕ H is
also injective. Therefore it is closed under extensions. Since a quotient group of a divisible group is also divisible, the category
of injective (divisible) abelian groups is closed under images. So we see that the full subcategory of injective Z-modules is
a torsion class.
(3) We showed in (1) that the full subcategory of torsion free divisible Z-modules is a wide subcategory of Z-modules.
To see that it is not a torsion class, consider the quotient map Q→ Q/Z. The image Q/Z is not torsion free, hence the full
subcategory of torsion free divisible Z-modules is not a torsion class of the category of Z-modules. 
Remark. Example (2) in Proposition 2.2 shows that torsion classes are not necessarily wide subcategories, and it also serves
as an example that a narrow subcategory is not awide subcategory. Similarly Example (3) serves as an example that a narrow
subcategory is not a torsion class. Hence the diagram before Proposition 2.2 summarizes all relationships among the four
kinds of subcategories.
3. Associated primes and support
In this section we review the properties of associated primes and support of modules that we will use.
Definition. The prime spectrum SpecR of R is the set of prime ideals of R. The Zariski topology on SpecR is the topology with
closed sets of the form V(E) = {p ∈ SpecR |E ⊂ p}, where E is any subset of R.
A subset S ⊂ SpecR is called specialization closed if p ∈ S and p ⊂ q implies that q ∈ S. This is equivalent to S being a
union of Zariski closed subsets.
Definition. LetM be an R-module, the set of associated primes ofM , denoted by AssM , is defined by
AssM = {p ∈ SpecR |∃ a ∈ M, such that p = Ann(a)},
where Ann(a) denotes the annihilator of a. The support ofM , denoted by SuppM , is defined by
SuppM = {p ∈ SpecR |Mp ≠ 0}.
Note that to say p ∈ AssM is equivalent to saying that M contains a submodule isomorphic to R/p. We will use the
following five lemmas in our proof.
Lemma 3.1. Let M be an R-module. Then AssM = ∅ if and only if M = 0.
Proof. See [1, Corollary 1, Section 1.1, Chapter IV]. 
Lemma 3.2. For any prime ideal p and any ideal I of R, Ass(R/p) = {p}, and Supp(R/I) = V(I).
Proof. Straightforward. 
Lemma 3.3. Let M be an R-module. Then SuppM is the closure of AssM under specialization. Furthermore, if M is finitely
generated, SuppM is the closure of AssM with respect to the Zariski topology.
Proof. See [1, Chapter IV, Section 1.3, Proposition 7] and [1, Section 1.4, Corollary of Theorem 2] for most of the proof. 
Lemma 3.4. Let 0 → M ′ → M → M ′′ → 0 be a short exact sequence of R-modules, then AssM ′ ⊂ AssM ⊂ AssM ′ ∪ AssM ′′
and SuppM = Supp(M ′) ∪ Supp(M ′′).
Proof. See [1, Proposition 3, Section 1, Chapter IV] and [1, Section 4.4, Chapter II]. 
Lemma 3.5. Let M be a finitely generated R-module, and let p ∈ SuppM. Then there is an epimorphism Mp → Rp/pp and
HomR(M, R/p) ≠ 0.
Proof. Either do it yourself or look at [10, Lemma 2.5] and [3, Proposition 2.10] for help. 
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4. Classifying subcategories by support
Themain goal of this section is Theorem3,which gives conditions underwhich a set of subcategories ofmodR is classified
by its support.
Lemma 4.1. Suppose C is a subcategory ofmodR closed under extensions and with 0 ∈ C. Also suppose M is a finitely generated
R-module. If R/p ∈ C for all p ∈ SuppM, then M ∈ C.
Proof. By [3, Proposition 3.7]M has a filtration
0 = M0 ⊂ M1 ⊂ · · · ⊂ Mn = M
such thatMi+1/Mi ∼= R/pi for some prime ideal pi. Thus we have short exact sequences
0→ Mi → Mi+1 → R/pi → 0.
By Lemma 3.4 we have SuppMi ⊂ SuppMi+1 and SuppR/pi ⊂ SuppMi+1. Hence SuppR/pi ⊂ SuppM for all 0 ≤ i ≤ n. Also
by Lemmas 3.2 and 3.3 we have pi ∈ AssR/pi ⊂ SuppR/pi. Thus pi ∈ SuppM , and so by hypothesis R/pi ∈ C.
Now since 0 ∈ C, we haveM0 ∈ C. AssumingMi ∈ C, we haveMi+1 ∈ C since it is an extension ofMi and R/pi. Hence it
follows by induction thatM ∈ C. 
Lemma 4.2. For every C ⊂ modR, Supp(C) ⊂ SpecR is specialization closed. Also if D ⊂ modR, with D ⊂ C then
SuppD ⊂ SuppC, and if T ⊂ S then Supp−1T ⊂ Supp−1S. In other words Supp and Supp−1 are order preserving functions.
Proof. Trivial. 
The following two lemmas give the underlying reason for all three of the classifications in this paper.
Lemma 4.3. (1) For any subcategory C ofmodR, C ⊂ Supp−1SuppC.
(2) For any subset S of SpecR, SuppSupp−1S ⊂ S. If in addition S is specialization closed then SuppSupp−1S = S.
Proof. (1) IfM ∈ C then SuppM ⊂ SuppC and soM ∈ Supp−1SuppC.
(2) If p ∈ SuppSupp−1S then there is M ∈ Supp−1S with p ∈ SuppM . Thus SuppM ⊂ S and so p ∈ S. If S is specialization
closed and p ∈ S then V (p) ⊂ S. Thus using Lemma 3.2 SuppR/p = V (p) ⊂ S and so R/p ∈ Supp−1S. Since p ∈ SuppR/p,
we get that p ∈ SuppSupp−1S. 
Lemma 4.4. For any subcategory C ofmodR, suppose that:
(1) C is closed under extensions, and
(2) If M ∈ C then for all p ∈ SuppM, R/p ∈ C.
Then Supp−1SuppC = C.
Proof. For any M ∈ Supp−1(Supp(C)), SuppM ⊂ Supp(C). Thus for any p ∈ SuppM , ∃ M(p) ∈ C with p ∈ SuppM(p).
By hypothesis M(p) ∈ C implies that R/p ∈ C. Hence R/p ∈ C for all p ∈ SuppM . So by Lemma 4.1, M ∈ C. Hence
Supp−1SuppC ⊂ C and together with Lemma 4.3 it follows that Supp−1SuppC = C. 
Theorem 3. Let T be a set of subcategories ofmodR such that:
(1) For every specialization closed S ⊂ SpecR, Supp−1(S) ∈ T ;
(2) If C ∈ T then C is closed under extensions;
(3) If C ∈ T and M ∈ C then for every p ∈ SuppM, R/p ∈ C.
Then
Supp : T → {Specialization closed subsets of Spec(R)}
is a bijection of sets with inverse Supp−1.
Proof. Condition (1) and the fact that for every C ∈ T , Supp(C) is specialization closed, imply that the maps Supp and
Supp−1 have the correct domains and ranges.
By Lemma 4.4 and using (2) and (3) if C ∈ T , then Supp−1SuppC = C. Also for S ⊂ SpecR, specialization closed,
Lemma 4.3 says SuppSupp−1S = S. Hence we get a bijection as claimed. 
Now we show that the sets of subcategories of interest satisfy Condition (1) of the theorem above.
Lemma 4.5. Let S be a subset of SpecR. The category
Supp−1(S) = {M ∈ modR | SuppM ⊂ S}
is a Serre subcategory and hence a narrow subcategory and a torsion class.
Proof. To show Supp−1(S) is Serre, it suffices to show that for any exact sequence 0 → M ′ → M → M ′′ → 0 in
modR, M is in Supp−1(S) if and only if M ′ and M ′′ are in Supp−1(S). This follows directly from Lemma 3.4 as it says that
SuppM = Supp(M ′)∪ Supp(M ′′). Now since Supp−1(S) is Serre, it is automatically a narrow subcategory and a torsion class
(Proposition 2.1). 
Since our categories of interest are all closed under extensions all that remains to prove to complete the classifications
by support is Condition (3) of Theorem 3. In the case of Serre subcategories this is easy.
Lemma 4.6. Let C be a Serre subcategory ofmodR. For every M ∈ C if p ∈ SuppM then R/p ∈ C.
Proof. LetM ∈ C and q ∈ SuppM , then by Lemma 3.3, ∃p ∈ AssM , such that p ⊂ q. Thus R/p is in C since R/p is isomorphic
to a submodule ofM , and hence R/q is in C since R/q is a quotient of R/p. 
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5. Narrow subcategories
The goal of this section is to prove Lemma 5.3. This shows that narrow subcategories satisfy Condition (3) of Theorem 3
when R has finite Krull dimension (denoted dim R < ∞). This result is also covered in a different way by the combination
of Lemma 6.6 and Proposition 6.7.
Lemma 5.1. Suppose C is a narrow subcategory, then C is closed under retracts. In other words if A⊕ B ∈ C then A ∈ C.
Proof. Suppose A⊕ B ∈ C. Consider f = 0⊕ idB : A⊕ B → A⊕ B. Then A ∼= cokerf and so A ∈ C since C is closed under
taking cokernels of maps between objects of C. 
Lemma 5.2. Suppose C is a narrow subcategory ofmodR. Given M ∈ C and p ∈ SuppM, then M/pM ∈ C and Supp(M/pM) =
V (p). Equivalently given M ∈ C and p ∈ SuppM, then M/pM ∈ C, p ∈ Ass(M/pM) and for any q ∈ Ass(M/pM), p ⊂ q.
Proof. Assume thatM ∈ C, p ∈ SuppM and let {a1, a2, . . . , an} be a generating set of p, then we have the composition
n
i=1
M
f−→
n
i=1
M
s−→ M,
defined by
f ((m1,m2, . . . ,mn)) = (a1m1, a2m2, . . . , anmn),
s((m1,m2, . . . ,mn)) =
n−
i=1
mi.
Then sf ((m1,m2, . . . ,mn)) =∑ni=1 aimi, hence Im(sf ) = pM and the cokernel of sf isM/pM . ThereforeM/pM is in C sincen
i=1 M is in C and C is closed under cokernels.
Since p ∈ SuppM , by Lemma 3.5 there is a non-trivial map π : Mp → (R/p)p. Since (pM)p maps to zero through
π , π factors through π : Mp/(pM)p → (R/p)p which also can not be trivial. Therefore we must have that (M/pM)p ∼=
Mp/(pM)p ≠ 0, that is, p ∈ Supp(M/pM). Thus we have V (p) ⊂ Supp(M/pM).
Next we observe that p annihilates all elements of M/pM , hence any associated prime of M/pM contains p. Thus every
prime in the Supp(M/pM) also contains p by Lemma 3.3, which implies that Supp(M/pM) ⊂ V (p). Therefore we have
Supp(M/pM) = V (p).
By Lemma 3.3, Supp(M/pM) = V (p) is the same as saying p ∈ Ass(M/pM) and for any q ∈ Ass(M/pM), p ⊂ q. 
Lemma 5.3. Let C be a narrow subcategory ofmodR. If M ∈ C and p ∈ SuppM such that dim(R/p) <∞, then R/p ∈ C.
Proof. Assume thatM ∈ C, p ∈ SuppM and dim(R/p) < ∞. We show that R/p ∈ C. If dim(R/p) = 0 then p is a maximal
ideal, and soM/pM is an R/p-vector space. By Lemma 5.2,M/pM ∈ C andM/pM ≠ 0. Hence the R/p-vector spaceM/pM
has R/p as a retract, and so by Lemma 5.1, R/p ∈ C.
To do the inductive step, assume that R/q is in C for all prime ideals q ∈ SuppM with dim(R/q) < K . Let p be a prime
ideal with dim(R/p) = K . We construct M ∈ C such that AssM = {p}. By Lemma 5.2 we know that M/pM ∈ C, and
Supp(M/pM) = V (p), equivalently p ∈ Ass(M/pM) and p ⊂ q for any q ∈ Ass(M/pM).
If Ass(M/pM) = {p} then set M = M/pM . Otherwise we construct M by a recursive procedure. Let M0 = M/pM , then
M0 ∈ C and Supp(M/pM) = V (p). Assume Mi ∈ C is constructed, and Supp(Mi) = V (p). If Ass(Mi) = {p}, we stop the
process. Otherwise there exists qi ∈ Ass(Mi) such p ( qi, and hence an inclusionµi : R/qi → Mi. DefiningMi+1 = Mi/Imµi,
we have a short exact sequence 0→ R/qi µi−→ Mi πi−→ Mi+1 → 0. Thus Supp(Mi) = Supp(R/qi)∪ Supp(Mi+1) by Lemma 3.4.
Since p ( qi, Supp(R/qi) ⊂ V (p) \ {p}, and hence Supp(Mi+1) contains p and is a subset of Supp(Mi) = V (p). Thus
Supp(Mi+1) = V (p). Observe that we have dim(R/qi) < dim(R/p) = K since p ( qi, and hence R/qi ∈ C by the external
induction hypothesis. Also Mi ∈ C by the internal induction hypothesis. Therefore Mi+1 = coker(µi : R/qi → Mi) ∈ C,
since C is narrow and thus closed under cokernels.
The following diagram shows the idea.
R/q0 R/q1 R/q2 · · · R/qn
M0 M1 M2 · · · Mn · · ·
❄ ❄ ❄ ❄
✲π0 ✲π1 ✲π1 ✲πn−1 ✲
We claim the process will stop after finite steps. If not then letting νn = πnπn−1 · · ·π0, we would have an infinite strictly
increasing chain of submodules ofM/pM:
kerν1 ⊂ kerν2 ⊂ kerν3 ⊂ · · · ⊂ kerνn ⊂ · · · ,
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which contradictswith the fact thatM/pM is a finitely generatedmodule over aNoetherian ring. Thus the process terminates
after finite steps. That is, Ass(Mn) = {p} for some n. LettingM = Mn, we now haveM ∈ C with Ass(M) = {p}.
Let k = k(p) = Rp/pp ∼= (R/p)p, then (M)p is a finitely generated k-module, that is, a finite-dimensional k-vector space.
Let ψ : (M)p →di=1 k be an isomorphism of k-modules, which is thus also an isomorphism of R-modules.
Next we will construct a commutative diagram of R-modules as follows
g
i=1
R M (M)p
d
i=1
R/p
d
i=1
k
✲π
❅
❅❘ϕ
′
✲L
❄
ϕ
❄
ψ
✲L′
(1)
in which L is the canonical map of localization. Let {m1,m2, . . . ,mg} be a generating set ofM , so there is some short exact
sequence
0→

R
θ→
g
i=1
R
π→ M → 0.
Letting 1i be the generator of the i-th summand of
g
i=1 R, we have that π(1i) = mi. Also for 1 ≤ i ≤ g and 1 ≤ j ≤ d
there exist rij ∈ R/p and sij ∈ R/p \ {0} such that ψL(mi) = ( ri1si1 ,
ri2
si2
, . . . ,
rid
sid
). Define ϕ′ : gi=1 R →dj=1 R/p as the map
determined by the formulas
ϕ′(1i) = (ri1Πk≠isk1, ri2Πk≠isk2, . . . , ridΠk≠iskd).
Also L′ is defined as
L′((t1, t2, . . . , td)) =

t1
Π1≤i≤g si1
,
t2
Π1≤i≤g si2
, . . . ,
td
Π1≤i≤g sid

.
It is easy to check that L′ϕ′ = ψLπ . So L′ϕ′θ = ψLπθ = 0 as πθ = 0. Thus since L′ is injective, ϕ′θ = 0, and we get an
extension ϕ : M → di=1 R/p such that ϕ′ = ϕπ . Since L′ϕπ = L′ϕ′ = ψLπ and π is surjective it follows that L′ϕ = ψL
and thus we have constructed the commutative diagram (1).
Next using the fact that Ass(M) = {p}, we show that themap L is monic. Let A = Ker(L), then Ap is the kernel of Lp, which
is an isomorphism. ThusAp = 0,which implies that p /∈ SuppA, hence p /∈ AssA. But since by Lemma3.4 AssA ⊂ AssM = {p},
we have AssA = ∅, hence by Lemma 3.1, A = 0 and L is monic.
Now since ψL = L′ϕ is monic, ϕ is monic. Letting N be the cokernel of ϕ, we have a short exact sequence
0→ M ϕ→
d
i=1
R/p → N → 0.
Observe that (ψL)p = (L′ϕ)p is an isomorphism, and also that L′p is an isomorphism since L′ and the canonical localization
map just differ on each factor by a unit. Thus ϕp is an isomorphism, and Np = Coker(ϕp) = 0. Hence Supp(N) ⊂ V (p) \ {p}.
Then for all q ∈ Supp(N), p ( q, and thus dim(R/q) < dim(R/p) = K . Hence R/q ∈ C by the induction hypothesis and so
N is in C by Lemma 4.1. Thus
d
i=1 R/p is in C as it is an extension ofM and N . Since C is a narrow subcategory it is closed
under retracts by Lemma 5.1 and so R/p ∈ C. This completes the induction step and the proof of the lemma. 
6. Torsion classes
Themain goal of this section is to prove Lemma 6.6. This shows that torsion classes satisfy Condition (3) of Theorem3.We
make use of a nullification functor PΛ, which is first defined and constructed.We show that torsion classes are automatically
narrow subcategories which allows us to extend the results for narrow subcategories in the last section to rings of infinite
dimension. Some of the results in this section are related to ones in [2], however the setup here is slightly different.
Definition. LetA be an additive category and letΛ be a collection of objects ofA. A functor PΛ : A→ A is aΛ-nullification
functor if it satisfies the following properties.
(i) There is a natural transformation fM : M → PΛM ,
(ii) HomR(A, PΛM) = 0 for any A ∈ Λ,
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(iii) fM is initial with respect to property (ii). That is, for any morphism g : M → N such that HomR(A,N) = 0 for all A ∈ Λ,
there exists a unique morphism h : PΛM → N such that hfM = g .
M PΛM
N
✲fM
❄
g
♣♣♣♣♣♣♣♣♣✠ ∃! h
TheΛ-nullification functor is unique in the following sense.
Proposition 6.1. Let A be an additive category and let Λ be a collection of objects of A. Then the Λ-nullification functor is
unique up to natural equivalence. In other words given Λ-nullification functors PΛ, P ′Λ together with the corresponding natural
transformations f : Id→ PΛ, f ′ : Id→ P ′Λ, there exists a unique natural equivalence τ : PΛ → P ′Λ such that τ f = f ′.
Proof. A standard argument with the universal property shows this. 
Now lets return to the category of finitely generated R-modulesA = modR.
Definition. Let Λ be a collection of R-modules and let M be a finitely generated R-module. A quotient module N of M is
called aΛ-quotient module ofM if there exist A0, A1, . . . , An ∈ Λ and a sequence of quotient modulesM0,M1, . . . ,Mn ofM
such thatM0 = M , N = Mn andMi is the cokernel of some homomorphism Ai−1 → Mi−1 for i = 1, 2, . . . , n.
The following proposition says that a nullification functor PΛ : modR → modR exists for any collectionΛ of R-modules.
Proposition 6.2. For any collectionΛ of R-modules, there is aΛ-nullification functor PΛ : modR → modR such that for every
M ∈ modR, PΛM is aΛ-quotient module of M. In particular, the canonical map fM : M → PΛM is a quotient map.
Proof. We construct PΛM and a homomorphism fM : M → PΛM for all M ∈ modR and check that the properties in the
definition are satisfied. If PΛM exists, then it is unique up to isomorphism by property (iii).
Given a finitely generated R-module M , the construction of PΛM is as follows. Let M0 = M . Inductively if we have
constructedMi, we check if for all A ∈ Λ, HomR(A,Mi) = 0. If so, stop the process. Otherwise choose a nonzero morphism
αi : Ai → Mi for some Ai ∈ Λ and let Mi+1 be the cokernel of αi. Since ker(M → Mi) is a strictly increasing sequence
of submodules of M and M is finitely generated over a Noetherian ring R, the process must stop after a finite number of
steps. Hence there exist A0, A1, . . . , An ∈ Λ and a sequence of quotient modules M0,M1, . . . ,Mn of M such that M0 = M ,
HomR(A,Mn) = 0 for all A ∈ Λ andMi is the cokernel of some homomorphism Ai−1 → Mi−1 for i = 1, 2, . . . , nwith Ai ∈ Λ.
Define PΛM = Mn and fM to be the quotient map. It is clear that PΛM is aΛ-quotient module ofM .
Next we check that the construction of PΛ is functorial and that it satisfies the required properties. First of all, property
(ii) in the definition is true by construction. For any morphism g : M → N such that HomR(A,N) = 0 for all A ∈ Λ, we
show that there exists a unique morphism h : PΛM → N such that hfM = g .
LetM0,M1, . . . ,Mn be the sequence in the construction and PΛM = Mn, also let πi : Mi → Mi+1 be the quotient maps.
Let f0 = id and fi = πi−1 · · ·π0, then fM = fn. ForM0 = M , we have the morphism h0 = g which satisfies h0f0 = g . Assume
there exists hi : Mi → N such that hifi = g . Then forMi+1, there exists hi+1 : Mi+1 → N such that hi+1πi = hi since hiαi = 0
andMi+1 is the cokernel of αi. Hence it is easy to see hi+1fi+1 = g . Therefore by induction we have h = hn such that hfM = g .
The uniqueness of h follows from the fact that fM is surjective. Thus property (iii) has been proven.
The functoriality and property (i) follow from property (iii). Let ϕ : M → N be a morphism in modR, and consider the
following solid arrow diagram.
M N
PΛM PΛN
✲ϕ
❄
fM
❄
fN
♣ ♣ ♣ ♣ ♣ ♣ ♣✲PΛ(ϕ)
Since for every A ∈ Λ, HomR(A, PΛN) = 0 we can use property (iii) to get a unique filler PΛ(ϕ) such that PΛ(ϕ)fM = fNϕ.
The functoriality of PΛ and the fact that the fm define a natural transformation follows. 
Lemma 6.3. LetΛ be a collection of R-modules and let M be a finitely generated R-module. Let N be aΛ-quotient module of M.
Then PΛN = 0 implies PΛM = 0.
Proof. This follows from the construction of PΛM in Proposition 6.2. 
Let P0Λ be the full subcategory of modRwith objects {M ∈ modR |PΛM = 0}. We have the following lemma.
Lemma 6.4. The category P0Λ is the smallest torsion class ofmodR containingΛ.
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Proof. It is easy to see from the construction in Proposition 6.2 that PΛM = 0 ifM ∈ Λ, and hence P0Λ containsΛ. Next we
show that P0Λ is closed under extensions and images. Consider any short exact sequence 0 → L ϕ−→ M φ−→ N → 0 in which
L,N ∈ P0Λ. Then by the construction in Proposition 6.2 we have a sequence of Λ-quotient modules L0, L1, . . . , Ln of L such
that L0 = L, PΛL = Ln and Li is the cokernel of some homomorphism fi−1 : Ai−1 → Li−1 with Ai ∈ Λ (i = 1, 2, . . . , n). We
have a commutative diagram as follows with A0 ∈ Λ
0 A0 A0 0 0
0 L M N 0
✲ ✲=
❄
f0
✲0
❄
ϕf0
✲
❄
0
✲ ✲ϕ ✲φ ✲
Let M0 = M and let M1 be the cokernel of ϕf0. Also since L1 is the cokernel of f0 and N is cokernel of the vertical map
0 : 0 → N whose kernel is 0, we have an exact sequence 0 → L1 ϕ1−→ M1 φ1−→ N by the snake lemma (see [7, Chapter III,
Lemma 5.1]). Also it is easy to see that φ1 is surjective. Hence 0 → L1 ϕ1−→ M1 φ1−→ N → 0 is short exact. Continuing in the
same way letMi be the cokernel of ϕi−1fi−1, and there is a short exact sequence 0→ Li ϕi−→ Mi φi−→ N → 0. Also clearlyMi is
aΛ-quotient module ofM . Now since Ln = 0, it follows thatMn ∼= N . Then since PΛN = PΛMn = 0, we have PΛM = 0 by
Lemma 6.3. So P0Λ is closed under extensions.
For closure under images, letM → N be surjective. Consider the canonical diagram
M N
PΛM PΛN
✲
❄ ❄
✲
By Proposition 6.2 the map fN : N → PΛN is surjective. Thus the induced map PΛM → PΛN is also surjective. Therefore
PΛM = 0 implies PΛN = 0. So P0Λ is closed under images and hence is a torsion class containingΛ.
Next we show that P0Λ is contained in any torsion class C of modR containing Λ. Assume M is finitely generated
and PΛM = 0. We want to show that M can be generated from modules in Λ through extensions and images. Since
PΛM = 0, it follows from the construction in Proposition 6.2 that there exist n ≥ 0, A0, A1, . . . , An ∈ Λ and a sequence
of quotient modules M0,M1, . . . ,Mn of M such that M0 = M , Mn = 0 and Mi is the cokernel of some homomorphism
Ai−1 → Mi−1 for i = 1, 2, . . . , n. Then Mn−1 is an image of An−1 hence Mn−1 ∈ C. Assume Mn−i ∈ C. Since the kernel of
πn−(i+1) : Mn−(i+1) → Mn−i, kerπn−(i+1), is an image of An−(i+1), kerπn−(i+1) ∈ C. SinceMn−(i+1) is an extension ofMn−i and
kerπn−(i+1), we haveMn−(i+1) ∈ C. By induction it follows thatM = M0 is in C. 
Lemma 6.5. PΛM = 0 if and only if SuppM ⊂ SuppΛ.
Proof. We use the notation from the proof of Proposition 6.2.
‘‘⇒’’: If PΛM = 0, then by the construction for some nonnegative integer n, Mn = 0. Thus SuppMn ⊂ SuppΛ. Assume
that SuppMn−i ⊂ SuppΛ. Since Mn−(i+1) is an extension of Mn−i and the kernel of πn−(i+1) : Mn−(i+1) → Mn−i, Lemma 3.4
we have SuppMn−(i+1) = Supp(kerπn−(i+1)) ∪ SuppMn−i. Since kerπn−(i+1) is a quotient of An−(i+1), again by Lemma 3.4 we
have Supp(kerπn−(i+1)) ⊂ SuppAn−(i+1). Therefore SuppMn−(i+1) ⊂ SuppAn−(i+1)∪SuppMn−i ⊂ SuppΛ. Hence by induction
we get that SuppM0 = SuppM ⊂ SuppΛ.
‘‘⇐’’: Suppose SuppM ⊂ SuppΛ and PΛM ≠ 0, then by Lemma 3.1 AssPΛM ≠ ∅. Let p ∈ AssPΛM . Then there is an
injective morphism i : R/p ↩→ PΛM . By Lemma 3.3 AssPΛM ⊂ SuppPΛM . Also since fM : M → PΛM a quotient map by
Proposition 6.2, and hence surjective, we have that SuppPΛM ⊂ SuppM by Lemma 3.4. Thus p ∈ SuppM ⊂ SuppΛ. Hence
there exists A ∈ Λ and a nonzero morphism π : A → R/p by Lemma 3.5. So there is nonzero morphism iπ : A → PΛM for
some A ∈ Λ, which is a contradiction. 
Now we can prove the analogue of Lemmas 4.6 and 5.3 for torsion classes.
Lemma 6.6. Suppose C is a torsion class of finitely generated R-modules. For every M ∈ C, p ∈ SuppM implies R/p ∈ C.
Proof. Given M ∈ C and p ∈ SuppM , we have that SuppM ⊂ SuppC by definition. Since p ∈ SuppM and SuppM is
specialization closed we get by Lemma 3.2 that Supp(R/p) = V (p) ⊂ SuppM ⊂ SuppC. Hence by Lemma 6.5, PC(R/p) = 0
and then by Lemma 6.4, R/p ∈ C as desired. 
By Proposition 2.1 we know that if C is a torsion class, then it is a a narrow subcategory. We show the opposite direction
for subcategories of modR.
Proposition 6.7. Suppose C ⊂ modR is a narrow subcategory, then C is a torsion class.
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Proof. Since C is narrow it is closed under extensions. So to show it is also a torsion class, we just need to show it is closed
under images.
Suppose A ∈ C and let f : A → B be an epimorphism. We will show that B ∈ C by constructing it from A
using cokernels. We have a short exact sequence 0 → kerf → A f→ B → 0. We write this short exact sequence as
0 → kerf0 k0−→ A0 f0→ B → 0. Inductively suppose we have a short exact sequence 0 → kerfi ki−→ Ai fi−→ B → 0 such that
Ai ∈ C. If kerfi = 0, stop the process. Otherwise there exists p ∈ Ass(kerfi) by Lemma 3.1, and hence a monomorphism
ιi : R/p → kerfi. By Lemma 3.4 and Lemma 3.3 we have Ass(kerfi) ⊂ AssAi ⊂ SuppAi. Hence by Lemma 3.5, there exists
a nonzero morphism ri : Ai → R/p. Thus kiιiri is a nonzero automorphism Ai → Ai. Let Ai+1 be the cokernel of kiιiri. So
Ai+1 ∈ C. Also we have a unique extension fi+1 : Ai+1 → B since the kernel of the quotient map πi : Ai → Ai+1 is a subset
of kerfi and hence maps to zero through fi.
Ai kerfi Ai Ai+1
B
✲ιiri ✲ki ✲πi
❅
❅
❅❘
fi ❄
fi+1
Thus we have a new short exact sequence 0 → kerfi+1 ki+1−−→ Ai+1 fi+1−−→ B → 0. The modules kerπ0 ⊂ kerπ1π0 ⊂ · · · ⊂
ker(πi · · ·π1π0) ⊂ · · · form a strictly increasing sequence of submodules of A. Since A is finitely generated, the process will
eventually stop after finite steps. That is, there exists n such that kerfn = 0 hence An ∼= B. Thus B ∈ C. 
7. Last turn of the screw
This section proves the classification result (Theorem 4) and observes that all four kinds of subcategories, Serre, wide,
narrow and torsion classes, are the same for subcategories of modR (Corollary 7.1).
Theorem 4. Suppose that T is one of the following sets:
1. T = The set of Serre subcategories ofmodR.
2. T = The set of torsion classes inmodR.
3. T = The set of narrow subcategories ofmodR.
Then Supp : T → {Specialization closed subsets of Spec(R)} is a bijection of sets with inverse Supp−1.
Proof. Considering the hypotheses of Theorem 3, (1) follows from Lemma 4.5, (2) follows directly from the definition, and
(3) follows from Lemma 4.6, Lemma 6.6 and Proposition 6.7. If dim(R) <∞we could also use Lemma 5.3. 
Corollary 7.1. Let R be a commutative Noetherian ring, and let C be a subcategory of R-modules. Then the following statements
are equivalent:
 C is a torsion class of finitely generated R-modules.
 C is a narrow subcategory of finitely generated R-modules.
 C is a wide subcategory of finitely generated R-modules.
 C is a Serre subcategory of finitely generated R-modules.
Proof. Together with Proposition 2.1 it is enough to show that if C is a narrow subcategory of modR then C is a Serre
subcategory too. So supposeC ⊂ modR is a narrow subcategory. Then by Theorem 4, Supp−1SuppC = C and by Lemma 4.5,
Supp−1SuppC is Serre. Thus C is Serre as required. 
Wemight want to understand Supp−1 in another way in terms of generators.
Proposition 7.2. Suppose S ⊂ SpecR is specialization closed, then Supp−1S is the smallest Serre subcategory (torsion class,
narrow subcategory) containing R/p for all p ∈ S.
Proof. From Lemma 4.5, Supp−1S is a Serre subcategory (torsion class, narrow subcategory). Let p ∈ S, then since S is
specialization closed, SuppR/p = V (p) ⊂ S and hence R/p ∈ Supp−1S. To see it is the smallest, suppose that C ⊂ modR
is Serre and for all p ∈ S, R/p ∈ C. We show that Supp−1S ⊂ C. For any p ∈ S we have R/p ∈ C, hence p ∈ SuppC, thus
S ⊂ SuppC. So then since Supp−1 is order preserving (Lemma 4.2) and using Theorem 4, Supp−1S ⊂ Supp−1SuppC = C as
required. 
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